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Introduction 

In matrix/operator analysis quite important are the notions of matrix/operator mono- 
tone and convex functions initiated in 1930's by Lowner [12] and Kraus [11]. For a 
real C^ function on an interval (a, b) it was proved in [12] that / is matrix monotone 
of order n (i.e., A < B implies /(A) < f{B) for n x n Hermitian matrices A,B with 
eigenvalues in (a, b)) if and only if the matrix 



Lf{ti, . . . ,t 



J ^n) 



fiti) - fit,) 



t, 



«J=1 



of divided differences of / is positive semidefinite for any choice of ti,...,t„ from 
(a, 6). The above matrix Lf{ti, . . . ,tn) is called the Pick matrix or else the Loewner 
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(= Lowner) matrix associated with /. The characterization of matrix convex functions 
of similar kind was obtained in [H] in terms of divided differences of the second order. 
Almost a half century later in 1982 a modern treatment of operator (but not ma- 
trix) convex functions was developed by Hansen and Pedersen [7]. The most readable 
exposition on the subject is found in |2]. 

Recently in [3] Bhatia and the second-named author of this paper presented new 
characterizations for operator convexity of nonnegative functions on [0, oo) in terms of 
the conditional negative or positive definiteness (whose definitions are in Section 1) of 
the Loewner matrices. More precisely, the main results in [3] are stated as follows: A 
nonnegative C^ function / on [0, oo) with /(O) = /'(O) = is operator convex if and 
only if L/(ti, . . . , t„) is conditionally negative definite for all ti, . . . , t.„ > of any size n. 
Moreover, if / is a nonnegative C^ function on [0, oo) with /(O) = /'(O) = /"(O) = 0, 
then f(t)/t is operator convex if and only if Lj(ti, . . . , t„) is conditionally positive 
definite for all ti, . . . , t^ > of any size n. More recently, Uchiyama [H] extended, by a 
rather different method, the first result stated above in such a way that the assumption 
/ > is removed and the boundary condition /(O) = /'(O) = is relaxed. Here it 
should be noted that the conditional positive definiteness of the Loewner matrices 
and the matrix/operator monotony was related in [10] and [6l Chapter XV] for a real 
function on a general open interval (see Remark 12.81 for more details). 

In the present paper we consider the following conditions for a C^ function / on 
(0, oo) and for each integer n > 1: 

(a)„ / is matrix convex of order n on (0, oo); 

(h)n liminfi^oo f(t)/t > — oo and Lf(ti, . . . ,tn) is conditionally negative definite for 

all ti,...,t„ G (0,oo); 

(c)„ limsup^\^Qt/(t) > and Ltf(t){ti, ■ ■ ■ ,tn) is conditionally positive definite for all 
ti,...,tn e (0, oo). 

We improve the proof in [3] without use of integral representation of operator convex 
functions and prove the implications (a)2n+i ^ (b)n, (b)4n+i =^ (a)„, (a)„+i =^ (c)n, 
and (c)2n+i =^ (a)n- In this way, the results in [3] (also [H]) are refined to those in the 
matrix level. 

The paper is organized as follows. In Section 1 we prepare several implications 
among a number of conditions related to matrix monotone and convex functions, pro- 
viding technical part of the proofs of our theorems. Some essential part of those 
implications are from [13]. In Section 2 we prove the above stated theorem (Theo- 
rem |2ll]) characterizing matrix convex functions on (0, oo) in terms of the conditional 
negative or positive definiteness of the Loewner matrices. Similar characterizations of 
matrix monotone functions on (0, oo) are also obtained (Theorem 12. 6p . In Section 3 
our theorems are exemplified with the power functions t" on (0,oo). (An elementary 



treatment of the conditional positive and negative definiteness of the Loewner matri- 
ces for those functions is found in [1].) Finally in Section 4, we further obtain similar 
characterizations of matrix monotone functions on a finite interval (a, b) by utilizing 
an operator monotone bijection between (a, b) and (0, oo). 

1 Definitions and lemmas 

For n G N let M„ denote the set of all n x n complex matrices. Let / be a continuous 
real function on an interval J of the real line. It is said that / is matrix monotone of 
order n {n-monotone for short) on J if 

A>B implies f{A) > f{B) (1.1) 

for Hermitian matrices A,B in M„ with a{A),a{B) C J, where o"(A) stands for the 
spectrum (the eigenvalues) of A. It is said that / is matrix convex of order n {n-convex 
for short) on J if 

f{XA + (1 - X)B) < Xf{A) + (1 - X)f{B) (1.2) 

for all Hermitian A,B e Mn with a{A),(7{B) C J and for all A G (0,1). Also, / 
is said to be n-concave on J if — / is ra-convex on J. Furthermore, it is said that / 
is operator monotone on J if ( 11. ip holds for self-adjoint operators A,B in B{'H) with 
cr(yl), (t{B) C J, and operator convex on J if (11.21) holds for all self-adjoint A^B E B{'H) 
with a{A),a{B) C J and for all A G (0,1), where B{l-i) is the set of all bounded 
operators on an infinite-dimensional (separable) Hilbert space %. As is well known, 
/ is operator monotone (resp., operator convex) on J if and only if it is n-monotone 
(resp., n-convex) on J for all n G N. 

For each n G N let Cq denote the subspace of C" consisting of all x = (xi, . . . , x„)* G 
C" such that X^ILi ^i = 0. A Hermitian matrix A in M„ is said to be conditionally 
positive definite {c.p.d. for short) if {x,Ax) > for all x G Cg, and conditionally 
negative definite [c.n.d. for short) if —A is c.p.d. Let / be a real C^ (i.e., continuously 
differentiable) function / on an interval (a, b) with — oo < a < b < oo. The divided 
difference of / is defined by 

f m-m \fo^f 

/W(M):= -; f ^ ' 

[f{s) ifs = t, 

which is a continuous function on (a, 6)^ (see [6l Chapter I] for details on divided 
differences). For each ti, . . . , t„ G (a, 6), the Loewner matrix Lf{ti, . . . , tn) associated 
with / (for ti, . . . , tn) is defined to be the n x n matrix whose (i, j)-entry is /^^'(tj, tj), 
i.e., 

L;(ti,...,tJ:=[/W(t„t,)]"^.^^. 



In the fundamental paper [12], Karl Lowner (later Charles Loewner) proved that, for 
a real C^ function / on (a, b) and for each n G N, / is n-monotone on (a, b) if and only 
a Lf{ti, . . . , tn) is positive semidefinite for any choice of ti, . . . , t„ from (a, b). 

Let / be a continuous real function on [0,oo). For each n G N we consider the 
following conditions: 

(i)„ / is ra- monotone on [0, oo); 

(ii)„ / is ra-concave on [0, oo); 

(iii)„ / is 77,-convex on [0, oo) and /(O) < 0; 

(iv)„ f{X*AX) < X*f{A)X for all A,X G M„ with A > and ||X|| < 1; 

(y)n fit)/t is ra-monotone on (0, oo). 

When / is C^ on (0, oo), we further consider the following conditions: 

(vi)„ Lf{ti,. . ., tn) is c.n.d. for alHi, . . . , t„ G (0, oo); 

(vii)„ Ltf(^t)(ti,...,tn) is c.p.d. for alHi,...,t„ G (0, oo). 

For a continuous real function / on [0, oo) such that f(t) > for all t > 0, the 
following conditions are also considered: 

(viii)„ t/f{t) is ra-monotone on (0, oo); 

(ix)„ t^/fit) is ra-monotone on (0, oo). 

In the rest of this section we present lemmas on several relations among the above 
conditions, which will be used in the next section. But they may be of some independent 
interest. 

Lemma 1.1. Let f he a continuous real function on [0, oo). Then for every n G N the 
following implications hold: 

(iii)„+i =^ (iv)„ ^^ (v)„, (v)2„ =^ (iii)„. 

Proof. (iii)„+i ^ (v)„ was shown in [13], Theorem 2.2], and (iv)„ <^ (v)„ was in [T3l 
Theorem 2.1] while the following proof is comparatively simpler. Indeed, (iv)„ ^ (v)„ 
is seen from the proof of [3, Theorem 2.4]. Conversely, suppose (v)„, and let A G M„ be 
positive semidefinite and X G M„ with ||X|| < 1. We may assume that A > 0, and we 
further assume that X is invertible. Take the polar decomposition A^f^X = U\A^^'^X\ 
and set B := \X*A^/^\'^. Then we have B < A and B^/^ = U\A^/^X\U* = A^/^XU% 
so A-1/25V2 = XU*. Since B^^'^ f{B)B~^l^ < A^^l^ f{A)A~^l^, we have 

f{B) < B^/^A~^/^f{A)A~^/^B^/^ = UX*f{A)XU* 



and f{B) = Uf{X*AX)U*. Therefore, f{X*AX) < X*f{A)X. When X is not 
invertible, choose a sequence e^ — ^ such that Xk := (1 + \ek\)~^{X + ekl) is invertible 
for any k, and take the hmit of f^XlAX^) < X^/(y4)Xfc. The remaining (v)2„ =^ (iii)n 
is seen from the proof of [3, Theorems 2.1 and 2.4]. D 

Lemma 1.2. Let f be a continuous real function on [0, oo). Then for every n G N the 
implication 

(i)2n =^ (ii)„ 

holds. Moreover, if f{t) > for all t > 0, then for every n eN the following hold: 

(ii)n =^ (i)„, (i)2n =^ (viii)„- 

Proof. (i)2n ^ (ii)n is seen from the proof of [T^ Theorem 2.4]. Now assume that 
f{t) > for all t > 0. Then (ii)„ =^ (i)„ is seen from the proof of [TJ Theorem 2.5]. 
Next, suppose (i)2n- Since / is 2n-monotone on [0, oo) with — / < 0, the proof of [TJ 
Theorem 2.5] shows that — / satisfies (iv)„ and hence (v)„ by Lemma [1 . 11 so —f{t)/t 
is n-monotone on (0, oo). Since —t~^ is operator monotone on (— oo, 0), it follows that 
^lf\^) = ~i~f{'t)/'t)~^ is n-monotone on (0, oo). Hence (viii).„ follows. D 

Let / be as in Lemma [1.21 such that /(t) > for all t > 0. Since (viii)„ is equivalent 
to the n-monotony of —f{t)/t on (0, oo), we further have (viii)2„ ^ (ii)n and (ii)n+i 
^ (viii)„ by applying Lemma fl . 1 1 to — /, though not used in the rest of the paper. 

Lemma 1.3. Let f be a continuous real function on [0, oo) such that f(t) > for all 
t > 0. Then for every n eN the following hold: 

Proof Since t^/f{t) = t/{f{t)/t) and f{t)/t = t/{t^/f{t)), the stated imphcations are 
immediately seen from (i)2n =^ (viii)„ of Lemma [1. 2 [ D 

Lemma 1.4. Let f be a real C^ function on [0, oo) such that f{t) > for all t > 0, 
/(O) = 0, and /'(O) > 0. Then for every n G N the following implications hold: 

(vi)n+i =^ (ix)„ =^ (vi)„. 

Proof. (vi)„+i =^ (ix)„. First, recall (see [H p. 193] or [6l p. 134]) that if a Hermitian 
(n + 1) X (n + 1) matrix [a,j]"^i;^ is c.p.d., then the n x n matrix 

is positive semidefinite. Hence for every ti, . . . ,tn,tn+i G (0, oo), assumption (vi)„+i 
implies that 

[/W(t„t,) - /W(t„ WO - /W(t,, wo + /'(W0]^=i < 0. 
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Since /(O) =0, letting tn+i \ yields that 



f^'\U,t,) 



Li Lj 



no) 



<0. 



«J=1 



Since 



we see that 



n%,t,)-m-^-^-(LY\u,t.-'^'^^ 



tj 



m) 



:i.3) 



fit)) ^^"^^■^ 



fiu) f t' y\. .^ fitj) 



/'(0)i?„ > 0, 



ij = l 



where En stands for the nxn matrix of all entries equal to 1. Since /'(O) > 0, we have 
Lf2/j(i)(ti, . . . ,tn) > 0, which yields (ix)„ by Lowner's theorem. 

(ix)„ =^ (vi)„. For every ti, . . . , t„ G (0, oo), it follows from (11. 3p that 



Lf{ti, . . . ,tn) — — 



fit^) ( t' Y\^ ,, f{h) 



fit)) 



[ti, tjj 



+ 



J J i,j=i 



fit^) ^ fit,) 



t,. 



t. 



'3 J i,j=l 



Since L(2/j(()(ti, . . . , t„) > by assumption (ix)„, the above expression yields that 
Lf(ti, . . . ,tn) is c.n.d. D 

The proof of the next lemma is a modification of the argument in [lOl p. 428]. 

Lemma 1.5. Let f be a continuous real function on [0, oo) with /(O) = such that 
f is C^ on (0, oo) and \\nit\otf'it) = 0. {This is the case if f is C^ on [0, oo) with 
/(O) = 0.) Then for every n ^fi the following implications hold: 



vn 



n+l 



vn 



Proof. (vii)„+i ^ (v)„. Set g{t) := tf(t) for t G [0, oo) and for each e > define 

geit) := git + e) - g{s) - g'{e)t, t G [0, oo). 

Then g^ is C^ on [0, oo) and 5'e(0) = ^'^(O) = 0. From assumption (vii)„+i it follows 
that Lg^{ti, . . . ,tn, tn+i) is c.p.d. for every ti, . . . , t„, t„_|_i G (0, oo). Hence similarly to 
the proof of Lemma 11.41 we have 



9^M,t,)- 



Qeiti) geitj) 



> 



«,i=i 



for every ti, . . . , t„ G (0, oo). Since 



9M *fe)_,..f*l^V',,,,^.).,^, 



ti 



t, 



t2 I 



:i.4) 



we see that Lg^i^iy^iti, . . . ,tn) > 0. Since g{e) — )■ and g'{e) = f\e) + ef'{e) — )■ as 
e \0 thanks to assumption on /, it follows that ge{t)/t^ — )■ g{t)/t^ = f{t)/t as e \ 
for any t > 0. Hence we have Lf(^t)/t(ti, • • • , ^n) > 0, which yields (v)„. 

(v)n =^ (vii)n- Let g be as above. For every ti,...,t„ G (0,oo), from (11.41) for g 
instead of (?£ we have 

r //(t)y^' 1" 

Lg[ti, . . . , tn) = ti ■ \ — I (tj, tj) ■ tj + 

\ ^ y u,j=i 

which is c.p.d. due to (v)„. D 






u 



'3 J i,j=l 



2 Functions on (0, oo 



The aim of this section is to relate the ra-convexity and the n-monotony of a C^ function 
on (0, oo) to the c.p.d. and the c.n.d. of the Loewner matrices associated with certain 
corresponding functions. The first theorem is concerned with n-convex functions on 
(0,oo). 

Theorem 2.1. Let f he a real C^ function on (0, oo). For each n G N consider the 
following conditions: 

(a)„ / is n-convex on (0, oo); 

(b)„ liminfi_j,oo f{t)/t > —c>o and Lf(ti, . . . ,tn) is c.n.d. for allti,...,tn G (0, oo); 
(c)„ limsup4\^o^/(^) — '^^'^ Ltf(t)(ti, . . . ,tn) is c.p.d. for all ti, . . . ,tn G (0, oo). 
Then for every n G N the following implications hold: 

■ (b)„, (b)4n+i =^ (a)„, 



>2n+l 



ln+1 



l2n+l 



Proof. First, note that Imvt^^ f{t)/t > ~oo (the limit may be +oo) and liminff\^o tf{t) 
> 0, slightly stronger than the boundary conditions in (b)„ and (c)„, are satisfied as 
long as / satisfies (a)i, i.e., / is convex as a numerical function on (0, oo). When 
liminft_>.oo f{t)/t > — oo, for any e > it follows that 

. f{t + e)-f{e) ^ 

mt > — oo. 

tG(0,oo) t 

So one can choose a 7^ G M smaller than the above infimum and define 

fe{t) := fit + e)- f{e) - ^,t, t G [0, 00), 

so that fe{t) > for all t G (0, 00), /^(O) = and /^(O) > 0. In the proof below, /^ will 
be such a function chosen for each e > 0. 



(a)2n+i ^ (b)n. For any e > 0, since (a)2n+i implies that fe is (2r2 + l)-convex on 
[0, oo), one can apply (iii)2n+i =^ (y)2n =^ (ix)n =^ (vi)„ of Lemmas ll. 1(11.31 and II .41 to 
fe so that Lf^(ti, . . . ,tn) is c.n.d. for every ti, . . . , t„ G (0, oo). Since 

%(ti,...,t„) = Lf{ti+e,...,tn + e)-%En, (2.1) 

it follows that Lf{ti + e, . . . ,tn + s) is c.n.d. Hence (b)^ holds since £ > is arbitrary. 

(b)4,i+i =^ (a),i. For any e > 0, thanks to (12. ip with 4n + 1 in place of n, it follows 
from (b)4„+i that (vi)4„+i is satisfied for f^. So one can apply (vi)4„+i =^ (ix)4„ =^ 
(v)2n =^ (iii)n of Lemmas ll.4lll.3l and ll.ll to fe so that /^ is ra-convex on [0, oo). Hence 
f{t + e) is n-convex on [0, oo) so that (a)„ follows since e > is arbitrary. 

(a)„,+i =^ {c)n. For any e > 0, since fe is (n + l)-convex on [0,oo), we can apply 
(iii)„+i => (v)„ => (vii)„ of Lemmas O and O to fe, so Ltf^{t)iti, • • • ,t„) is c.p.d. for 
every ti, . . . , t„ G (0, oo). Since 

Ltf,{t){ti,. . .,tn) = Ltf(t+£)(ti, . . .,tn) - f{e)En - le[ii +^i]j_^-^i, 

we see that Ltf{t+e)(ti, ■ ■ ■ ,tn) is c.p.d. Furthermore, since tf{t + e) — > tf(t) and 

(t/(t + e))' = fit + e) + tfit + e)^ fit) + t/'(t) = (t/(t))' 

as £ \ for any t > 0, it follows that Lij(i)(ti, . . . ,t„,) is c.p.d. Hence (c)„ holds. 

(c)2n+i ^ (a)n- Let git) := tfit) for t G (0,oo). Since limsupi\^ofi'('^) ^ by 
assumption, one can choose a sequence Ek \ in such a way that gisk) > for all k 
when limsupj\^g5'(t) > 0, or else limfc_^oo5'(£^fc) = when lim sup4\^o 5' (^) = 0- Define 

9kit) ■■= git + Ek) - gisk) - g'iek)t, t g [0, oo). 

Thanks to limt\^o5'fc(^)/^ = 0? 9k is written as gkit) = tfkit) with a continuous function 
fk on [0, oo) with /fc(0) = 0. Notice that fk is obviously C^ on (0, oo) and furthermore 

tfkit) = g'kit) - ^ 

///. ,^N u^ \\ f git + ek) -gisk) ,,. 
= i9it + ek) - g i£k)) - I g i^k) 

— ^ as t \ 0. 

Since (c)2n+i implies that (vii)2n+i is satisfied for fk, we can apply (vii)2n+i =^ (v)2n 
=^ (iii)n of Lemmas 11.51 and fTTTl to fk so that fk is n-convex on [0, oo). Writing 

we see that 

n .^^ .^ it + £k)fit + ek) _ gisk) 
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is n-convex on (0, oo). When g{ek) > for all k, 

{t + ek)f{t + ek) ^ f u), 9{£k) 
t Jk{ ) ^ 

is n-convex on (0, oo) since g{ek)/t is operator convex on (0, oo). Furthermore, notice 
that linifc^oo(^ + ^k)f{t + Bk)/t = f{t) for all t > 0. Hence (a)„ holds. On the other 
hand, when limfc_j.oo5'(£^fc) = 0, we have limi^^oo fk{t) = f{t) for all t > 0, and hence 
(a)„ holds as well. D 

The equivalence of the following (a)-(c) immediately follows from Theorem 12.11 
which extends [21 Theorems 1.1, 1.2, 1.4, and 1.5]. The equivalence between (a) and 
(b) was proved in [HI Theorem 3.1] by a different method. 

Corollary 2.2. Let f he a real C^ function on (0, oo). Then the following conditions 
are equivalent: 

(a) / is operator convex on (0, oo); 

(b) liminfi^oo f{t)/t > ~oo and Lf(ti, . . . , t„) is c.n.d. for alln eN and allti, . . . ,tn 
G (0,oo); 

(c) limsup^\^Qt/(t) > and Ltf(t)ifi, . . . ,tn) is c.p.d. for alln E N and allti, . . . ,tn G 
(0,oo). 

Moreover, if the above conditions are satisfied, then Xvuvt^^ f {t) / 1 and lim.t\^Qtf(t) 
exist in [0, oo) and [0,oo), respectively. 

Proof. It remains to show the last assertion. Assume that / is operator convex on 
(0, oo). Then limt^oo f(t)/t > ~oo is obvious as noted at the beginning of the proof of 
Theorem 12.11 Consider the function g{t) := /^^'(t, 1) on (0, oo). Then the characteriza- 
tion of operator convex functions due to Kraus [11] says that g is operator monotone 
function on (0, oo) and so g(t + 1) is operator monotone on (—1,1). By Lowner's 
theorem [12] (or [21 V.4.5]) we have the integral representation 

g{t + 1) = g{l) + g'{l) [ —^ dfi{X), t G (-1, 1) 

with a probability measure fi on [—1, 1]. Letting a := /i({— 1}) we write 

it + l)git + 1) = g{l)it + 1) + ag'{l)t + [ ^^^ rf^A), t G (-1, 1). 

J(-l,l] i - At 

Since (t + 1)/(1 — At) < 1 for all A G (—1,1] and t G ( — 1,0], the Lebesgue convergence 
theorem yields that 

limt^(t) = lim (t + l)g{t + 1) = -ag'{l), 

T \jU t \j J- 

from which limi\^o^/(^) = '^fl''(l) ^ [0, oo) immediately follows. D 



Remark 2.3. Concerning the operator convex functions gx{t) := t^/(l — At) on (—1,1) 
with A G [—1, 1] (see [21 p. 134]), it was shown in [H Theorem 3.1] that Lg^{ti, . . . ,tn) 
is c.n.d. if A e [—1, 0] and c.p.d. if A G [0, 1] for every ti, . . . , t„ G (—1, 1) of any size n. 
By considering 5'a|(o,i) ^^^ — fi'A|(o,i) with A G (0, 1), we see that neither (a) =^ (b) nor 
(b) =r- (a) of Corollary 12.21 can be extended to functions on a finite open interval (0, b). 

Remark 2.4. The conditions limsup^^o^ /(t)/t > — oo and limsupj\^o^/(^) — ^^^ 
obviously satisfied if f{t) > for all t > 0. We remark that these boundary conditions 
are essential in Theorem 12.11 and Corollary 12. 2[ as seen from the following discussions. 

When 1 < a < 2, the function t" is operator convex on (0, oo). Hence Corollary 12.21 
implies that Ltc+i(ti, . . . , t„) is c.p.d. and so L_ta+i(ti, . . . , t„) is c.n.d. for allti, . . . , t„ G 
(0, oo), n G N. However, — t""*"^ is not operator convex (even not convex as a numerical 
function) on (0, oo). Note that limi^oo(— t"+^)/t = — oo. 

When — 1 < a < 0, the function f^ is operator convex on (0, oo). Hence Corollary l2.2l 
implies that Lt^iti, . . . ,tn) is c.n.d. and so L_ta(ti, . . . ,t„) is c.p.d. for all ti, . . . ,t„ G 
(0, oo), ri G N. However, — 1"~^ is not operator convex (even not convex as a numerical 
function) on (0, oo). Note that hmi\^o^(— ^"~"'^) < ^ 1- 

A problem arising from Theorem 12.11 would be to determine the minimal number 
z/(?i) (resp., '/r(n)) of m G N such that (b)^ =^ (a)n (resp., (c)^ =^ (a)„) for all real C^ 
functions on (0, oo). The problem does not seem easy even for the case n = 2 while 
3 < i/(2) < 9 and 3 < 7r(2) < 5 (see Proposition O for (b)2 ^ (a)2 and (c)2 ^ (a)2). 
In the case n = 1, the c.n.d. condition of (b)i and the c.p.d. condition of (c)i are void 
but (a)i means that / is simply convex on (0,oo). Hence the next proposition shows 
that z/(l) = 7r(l) = 2, which will be used in the proof of the next theorem. 

Proposition 2.5. Let f be a real C^ function on (0,oo). Then for conditions (a)i, 
(b)2, and {0)2 of Theorem \2.1\ the following hold: 

(b)2 =^ (a)i, (0)2 =^ (a)i. 

Proof. (b)2 =^ (a)i. The c.n.d. condition of (b)2 is equivalent to the concavity of /' on 
(0,00) (see [HI p. 137, Lemma 3]). Now suppose that /' is not non- decreasing; then 
limt^oo f'{t) = — 00 from concavity. Hence for any A' > an a > can be chosen so 
that f'{s) < —K for all s > a. For every t > a, since 

^^^^ ~ ^^""^ = f'{s) < -K for some s G (a, t), 

we have 

y fit) ,. fit) - fja) ^ 
hm sup = hm sup < —K , 

t— >oo t t—^00 t a 

which implies that limj_j.oo /(^)/^ = —00, contradicting the assumption. Hence /' is 
non-decreasing, so / is convex on (0, 00). 
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(c)2 =^ (a)i- Write g{t) := tf{t) for t G (0, oo). The c.p.d. condition of (0)2 is equiv- 
alent to the convexity of (7' on (0, 00). From this and the assumption hm sup j\^Q (7 (t) > 
it follows that the limit limj\^o5'(^) exists and is in [0, 00). Hence we may assume that 
g is continuous on [0, 00) with g{0) > 0. Notice that 

t t t Jq t e\0 t Jq 

Hence the conclusion follows from the fact [5] that if /i is a continuous convex function 
on [0, 00), then the function j J h{s) ds is convex on (0, 00). For the convenience of 
the reader a short proof is given here. Indeed, such a function h can be approximated 
uniformly on each finite interval [0, a] by functions of the form 

k 

at + (3 + 2J c^iit - Xi)+ 

i=l 

with a,(3 ^W and ai,Xi > 0, where x+ := max{x, 0} for x G M. Since the function 
T /o i^~'^)+ ^^ — {'t~X)'^/2t is convex on (0, 00) for any A > 0, the assertion follows. D 

Note that the converse of each implication of Proposition 12.51 is invalid. Indeed, for 
the second consider the function 

m :={''• '-'-'• 

[2t-l, t>l, 

and the function t^ for the first (see Proposition 13.11) . 

The next theorem is concerned with n-monotone functions on (0, 00). 

Theorem 2.6. Let f be a real C^ function on (0, 00). For each n E N consider the 
following conditions: 

(a)^ / is n-monotone on (0,oo); 

(b); limsupj^^ f{t)/t < +CX), limsup^^^ f{t) > -cx), and Lf{ti, ...,tn) is c.p.d. for 
all ti, . . . ,tn E (0, 00); 

(c)^ \im.mit\otf{t) < 0, linnsup^^^ f(t) > —00, and Ltf(t)iti, . . . ,tn) is c.n.d. for all 
ti,...,tn G (0, CX)); 

(d)^ liminfiX^o^/W < 0, lim sup^x^g ^ V W > 0, and Lt2f(^t){ti, ■ ■ ■ ,tn) is c.p.d. for all 
ti,...,t„ G (0,00). 

Then for every n G N the following implications hold: 



(a)'„ =^ (b)l ifn > 2, (b)' =^ (a)'„, (a)^^^^ =^ (c):, (c);„^-, =^ (a 



2n+2 ^ V-yn' \^)2n+l ^ V^^n' 



(a)L =^ (d)l ifn>2, (c)2„+i =^ (d)'^, (d)2„+i =^ (c 
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Proof. First, note that limsupi\^o^/(^) — ^^^ limt_j.oo /(i) > — C)0, slightly stronger 
than the boundary conditions in (b)^-(d)^, are obvious as long as / satisfies (a)'^, i.e., 
/ is non-decreasing on (0, oo). 

(a)J^ =^ (b)^ if n > 2. Suppose (a)^ with n > 2. The stated c.p.d. of Lf is a 
consequence of Lowner's theorem. Next, we show that limi_^oo f(t)/t ^ [0, oo), slightly 
stronger than limsupj^oo fi't)/t < +oo. By taking f(t + 1) — /(I) + 1 we may assume 
that /(t) > for all t > 0. Then it follows from (1)2 =^ (viii)i of Lemma O] that t/f{t) 
is non- decreasing on (0, 00), so the conclusion follows. 

(b)4n+i ^ i^Yn- 0^6 can apply (b)4„+i =^ (a)„ of Theorem 12.11 to — / to see that / 
is n-concave on (0, 00). Thanks to limsup^^o^ /(t) > —00 this implies also that / is 
non- decreasing on (0, 00). For any e > let /e(t) := f{t + e) — f{e) + 1 for t > 0, and 
apply (ii)„ =^ (i)„ of Lemma fL2] to /^ so that fe is n-monotone on [0, 00). Hence / is 
n-monotone on (0, 00) since e > is arbitrary. 

(a)2„+2 =^ {cYn- It follows from (i)2n+2 =^ (ii)n+i of Lemma \T?2\ that / is (n -|- 1)- 
concave on (0,oo). Now (c)^ is shown by applying (a)n+i =^ (c)n of Theorem 12.11 to 

-/• 

{c)2n+i =^ (a)^ is proved similarly to (hY4^n+i ^ (^)n above. Indeed, apply (c)2n+i 
=^ (a)„ of Theorem 12. II to — / and use Lemma [1.21 as above. 

{aYn =^ (d)^ if n > 2. For any 5 > 0, since f{t + e) = {tf{t + e))/t is n-monotone 
on (0,00), it follows from (v)2 ^ (iii)i of Lemma 11.11 that tf{t + e) is convex on 
[0, cxd). Letting e \ yields that tf{t) is convex on (0, 00), from which we have 
liminfi\^o^^/(^) > 0, slightly stronger than limsupj\^Qt^/(t) > 0. For each e > let 
ge{t) := (t — eYf{t) for t G (0, 00). Note that the second divided difference gl {t,e,e) 
is nothing but /(t), which is n-monotone on (0, cxd). Hence (a)^ implies by |6l p. 139, 
Lemma 5] that Lg^(ti, . . . ,tn) is c.p.d. for all ti, . . . , t„ G (0, 00). Letting e \ yields 
the stated c.p.d. of -^42/(4)- 

('^)2n+i ^ (d)n- Although it is already known that (c)2„+i =^ (a)^ =^ (d)^ if n > 2, 
we here give an independent proof. Set g{t) := tf{t) for t > 0; then (c)2„_,_]^ implies 
that g satisfies (b)2n+i of Theorem 12. II Hence Proposition 12.51 implies that g is convex 
on (0, 00) and so liminfi\^o t'^fit) ^ 0. For each e > choose a constant 7^ < g'{e) and 
define 

geit) := git + e) - gie) - -fet, tG[0,oo). 

Note that 5'e(0) = 0, g'^{0) > 0, and gs{t) > for all t > 0. Since g^ satisfies (vi)2n+i, 
one can apply (vi)2n+i =^ (ix)2n =^ (v)n =^ (vii)n of Lemmas 1 1.4| II. 3| and 11.51 to gs so 
that Ltg^(^t){ti, . . . ,t„) is c.p.d. for all ti, . . . ,t„ G (0, 00). Then the asserted c.p.d. of 
Ltg(t) = Lt2f(t) is shown in the same way as in the proof of {a)n+i =^ (c)n of Theorem 

urn 

(d)2n+i ^ (c)n- Lst g be as above. Since (d)2„+i implies that g satisfies (c)2n+i 
of Theorem 12. H g is convex on (0, 00) by Proposition 12.51 (or by (c)2n+i =^ (a)„ of 
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Theorem 12. ip . and so \im.t-^oo f (t) > — oo. For each e > define ge as above, which 
satisfies (vii)2n+i- Then one can apply (vii)2n+i =^ (y)2n =^ (ix)n =^ (vi)n of Lemmas 
11.51 ll-3i and 11.41 to g^ so that Lg^(ti, . . . ,tn) is c.n.d. for all ti, . . . , t„ G (0, oo). This 
shows the asserted c.n.d. of Lg = Ltf(t) by letting e \ 0. D 

The equivalence of the following (a)'-(d)' immediately follows from Theorem 12.61 In 
p^ Theorem 2.4], Uchiyama extended [TJ Theorem 2.4] in such a way that a continuous 
function / on (0, oo) is operator monotone if and only if / is operator concave and 
limt^oo /(^) > — oo (or limsupj_^oo /(t) > — oo). Due to this result, the equivalence 
of (a)', (b)', and (c)' is also an immediate consequence of Corollary 12.21 Furthermore, 
the equivalence of (a)', (c)', and (d)' extends [21 Theorems 1.1, 1.2, 1.4, and 1.5] as 
Corollary 12.21 does. The equivalence between (a)' and (b)' was proved in [HI Theorem 
3.3] by a different method. 

Corollary 2.7. Let f he a real C^ function on (0, oo). Then the following conditions 
are equivalent: 

(a)' / is operator monotone on (0, oo); 

(b)' limsup^^oo /(t)/t < +00, limsup^^o^ /(t) > — oo, and Lf{ti, . . . ,tn) is c.p.d. for 
all n &N and all ti, . . . , tn ^ (0, oo); 

(c)' liminfj\^o^/(^) < 0, limsup^^o^ f{t) > -oo, and Ltf(t){ti, ■ ■ ■ ,tn) is c.n.d. for all 
n E N and all ti, . . . , t„ G (0, oo); 

(d)' liminfj\^o^/(^) < 0, limsupj\^Qt^/(t) > 0, and Lt2f(^f^(ti, . . . ,tn) is c.p.d. for all 
n E N and allti,...,tn G (0, oo) . 

Moreover, if the above conditions are satisfied, thenlinit^^ f{t)/t, \init^^f{t), and 
\iint\otf{t) exist in [0,oo), (—00,00], and (— oo,0], respectively, and\im.t\ot'^f(t) = 
for any a > 1 . 

Proof. It remains to show the last assertion. Assume that / is operator monotone on 
(0, 00). The existence of limt^oo f{'t)/t £ [0, 00) and limt^oo fit) G (—00, 00] was seen 
in the proof of Theorem 12.61 Since (c)' implies that — / satisfies (c) of Corollary 12. 2[ 
the existence of \im.t\otf{t) G (—00, 0] follows from Corollary 12.21 so it is obvious that 
limt^ot"/(t) = Oif«>l. D 

Remark 2.8. In the proof of (a)^ =^ (d)^ (if n > 2) of Theorem 12.61 we used a result 
from P Chapter XV]. In this respect, the equivalence between (a)' and (d)' has a strong 
connection to [lOl Theorem 10] and |6l p. 139, Theorem III], in which the following 
result was given: Let g he a. C^ function on an interval (a, b) and c any point in (a, b). 
Then Lg(ti, . . . ,tn) is c.p.d. for all ti, . . . , t„ G (a, b) of any size n if and only if / is of 
the form 

g{t) = g{c) + g'{c){t-c) + {t-cyf{t) 
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with an operator monotone function / on {a,b). This in particular says that a C^ 
function / on (a, 6) is operator monotone if and only if L(^t~c)'^f(t)(ti, ■ ■ ■ ,tn) is c.p.d. 
for allti, . . . , t^ G (a, 6), 77, G N. An essential difference between the last condition and 
(d)' is that the point c is inside the domain of / for the former while it is the boundary 
point of (0, oo) for the latter. So it does not seem easy to prove (a)' -v^ (d)' based on 
the above result in [TOl |6] . 

Remark 2.9. Consider operator monotone functions f\{t) := t/(l — At) on (—1,1) 
with A G (—1,1), so tfx(t) is gx in Remark 12.31 By considering /a|(o,i) and — /a|(o,i) 
with A G (0, 1), we see that neither (a)' =^ (c)' nor (c)' ^ (a)' of Corollary 12.71 can be 
extended to functions on a finite open interval (0, b). Indeed, the right counterparts of 
Theorem 12.61 and Corollary 12.71 for functions on a finite interval (a, b) will be presented 
in Section 4 (see Theorem 14.11 and Corollary 14. 2p . 



Remark 2.10. Any of boundary conditions as t \ or t — )■ oo in Theorem 12.61 and 
Corollary 12.71 is essential. For instance, the functions t^, t~^, — t, and — 1~^ on (0, cxd) 
are not 2-monotone; see Proposition 13.11 (1) for t^ and —t~^, and t~^ and —t are even 
not increasing as a numerical function. By taking account of Proposition 13.11 the 
functions t^ and —t show that (b)' =^ (a)2 is not true without limsup^^o^ f{'t)/t < +oo 
and limsupj^o^ /(t) > — oo, respectively. Similarly, consider the functions t~^ and —t 
to see that the two boundary conditions of (c)' are essential for (c)' =^ (a)2, and the 
functions t~^ and —t~^ for the two boundary conditions of (d)'. 

3 Examples: power functions 

In this section we examine the conditions in Theorems I2.1l and l2.6l in the cases of lower 
orders n = 2,3 for the power functions t" on (0, oo). In fact, we sometimes used such 
examples of power functions in the preceding section, for instance, in Remarks 12.41 and 
12.101 Elementary discussions on the c.p.d. and c.n.d. properties of t" based on the 
Cauchy matrix and the Schur product theorem are found in [U Section 2]. 

Proposition 3.1. Consider the power functions t" on (0, oo), where a ^M.. Then: 

(1) t" is 2-monotone if and only ifO<a<l, or equivalently, t" is operator mono- 
tone. Moreover, — 1° is 2-monotone if and only if —1 < a <0. 

(2) t" is 2-convex if and only if either — l<a<0 or 1 < a < 2, or equivalently, t" 
is operator convex. 

(3) Lta{ti,t2) is c.p.d. for all ti,t2 G (0, oo) if and only if either 0<a<l or a>2. 

(4) Lta{ti,t2) is c.n.d. for all ti, t2 G (0, oo) if and only if either a<0orl<a<2. 
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(5) Lta(ti,t2,t3) is c.p.d. for all ti,t2,t3 G (0, oo) if and only if either < a < 1 or 
2< a < 3. 

(6) Lt<y(ti,t2,t3) is c.n.d. for all ^1,^2,^3 G (0, 00) if and only if either — 1 < a < 
or 1 < a < 2. 

Proof. For (1) and (2) see [H Proposition 3.1]. Here note that — t" is 2-nionotone if 
and only if so is t~" = — (— 1")~^. (3) and (4) are immediately seen from [6l p. 137, 
Lemma 3]. 

(5) If < a < 1 or 2 < a < 3, then t"~^ is operator convex on (0, 00) and Corollary 

12 .21 implies the c.p.d. condition here. For the converse, one can easily check that a 3 x 3 

a d e 
real matrix d b f is c.p.d. (resp., c.n.d.) if and only if 



a 


d 


e 


d 


b 


f 


e 


f 


c 



a + c>2e (resp., a + c<2e), 

b + c>2f (resp., b + c<2f), 

{c + d-e- fY <{a + c-2e){b + c- 2f). 

Since the above first two conditions for c.p.d. of Lta{ti,t2) means the c.p.d. condition 
in (3), we must have 0<Q!<lora>2 from (3). (This is also obvious since the c.p.d. 
of order three implies that of order two.) The last condition for c.p.d. of Lta{x, y, 1) is 
written as 

a + 



X — y X — I y — 1 



.a-i , .^ .^"-l\/„..,.-i , .^ .y 



a 



< [a{x-^ + 1) - 2 -—^j ^a{y-^ + 1) - 2 ^j . (3.1) 

Multiplying (x — y)'^{x — l)^(y — 1)^ to the both sides of (13. ip gives 

{a{x -y){x- l){y - 1) + x"(y - 1)^ - (x - l)y"(y - 1) 
+ {x-y)iy-l)-{x- y){x - l)(y" - 1))' 

<{x- yf{x -l){y- l)F^ix)FM, (3-2) 

where 

F^{x) := (a - 2)x° + ax - ax"'^ -{a- 2). 

When a > 2, the left-hand side of (13. 2p has the term x^" of maximal degree for x 
with positive coefficient {y — 1)^, and the right-hand side has the term x°'~^^ of maximal 
degree for x with coefficient {a — 2){y — l)Fa{y) which is positive for large y > 0. Hence 
2a < a -|- 3 or a < 3 is necessary for (13. ip to hold for all x,y > 0. So we must have 
0<a<lor2<a<3. 
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(6) If — 1 < « < or 1 < a < 2, then t" is operator convex on (0, oo) and Corollary 
12.21 implies the c.n.d. condition here. Conversely, since the c.n.d. condition here implies 
that of order 2 in (4), we must have a<0orl<a<2 form (4). Moreover, (13. 2 p holds 
in this case too. When a < 0, the left-hand side of (13. 2p has the term a;^" of maximal 
degree for 1/x with positive coefficient {y — 1)^, and the right-hand side has the term 
x"~^ of maximal degree for 1/x with coefficient ay'^{y — l)Fa{y) which is positive for 
small y > 0. Hence 2a > a — 1 or a > —1 must hold, so we have — 1 < a < or 
1 < a < 2. D 

Concerning the conditions of Theorem 12.11 the above proposition shows that (b)2 
=^ (a) 2, (c)2 =^ (a) 2, (b)2 =^ (c)2, and (c)2 =^ (b)2 are all invalid while (a) 2, (b)3, and 
(c)3 are equivalent for the power functions t". Moreover, concerning Theorem 12. 6^ we 
notice from the proposition that, restricted to the power functions t°, conditions (a) 2, 
(b)2, and (c)2 are equivalent but (d)2 is strictly weaker. 

4 Functions on (a, b) 

For a real C^ function / on (a, 00) where — cxd < a < 00, we have the same implications 
as in Theorem 12.61 with slight modifications of (a)^-(d)^ by applying the theorem to 
f(t + a) on (0, 00). For example, (a)^ and (c)^ are modified as 

(a)^ / is ra- monotone on (a, 00), 

(c)^ liminfi\^a(t-a)/(t) < 0, limsupj^^ /(t) > -cx), and L(i_a)/(i)(ti, ... ,t„) is c.n.d. 
for alHi, . . . , t„ G (a, 00), 

and (b)^ and (d)^ are similarly modified. 

Moreover, for a real C^ function / on (—00, 6) where — 00 < 6 < 00, one can apply 
Theorem 12.61 to —f{b — t) on (0, 00) so that the same implications as there hold for the 
following conditions: 

(a)^ / is n-monotone on (—00,6); 

(b)^ \imsupt_^_^f{t)/t < +00, liminft^_oo/(t) < +cx), and L/(ti, . . . , t„) is c.p.d. 
for allti, . . . , t„ G (— C)0, b); 

(c)^ hrasup^y.f,{b - t)f{t) > 0, liminfj^_oo/(t) < +00, and L(b_j)/(i)(ti, . . . , t„) is 
c.n.d. for alHi, . . . , t„ G (—00, b); 

(d)^ limsupt/>,f,(6 - t)f{t) > 0, \immit/'b{b - tffit) < 0, and L(^h-t)y(t)(ti, . . . ,tn) is 
c.p.d. for alHi, . . . , t„ G (—00, b). 

The aim of this section is to prove the next theorem that is the counterpart of 
Theorem 12.61 for a real C^ function on an finite open interval (a, b). 
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Theorem 4.1. Let f be a real C^ function on {a,b) where — oo < a < b < oo. For 
each n G N consider the following conditions: 

{a)n f is n-monotone on {a,b); 

{(3)n limsup4^fe(6-t)/(t) < +00, limsupj/,6/(t) > -00, and Lip^ty^f^t){ti, ■ ■ ■ .K) is 
c.p. d. for aUti,...,tn G (a, b) ; 

(7)„ hmmit\a{t- a)f{t) < 0, limsup^^^fit) > -cx), and L(^t-a){b-t)f(t){ti, ■ ■ ■ ,tn) is 
c.n.d. for all ti, . . . , t„ G (a, b); 

{5)n liminft\^a(t - a)f{t) < 0, limsupj\^^(t - a^fit) > 0, and L(^t^a)y(t)(ti, . . . ,tn) is 
c.p. d. for allti,...,tn G (a, b) . 

Then for every n G N the following implications hold: 

{a)n^{f3)nifn>2, {(3)4^+1 ^ (a) n, (a)2n+2 ^ (7)n, (7)2n+l ^ (")n, 
{a)n^{6).^lfn>2, (7)2„+i ^ (5)„, {6)2n+l ^ {l)n- 

Proof. Define a bijective function ip : (a, b) — )■ (0, 00) by 

,,, t — a , b — a /,s 

and hence 

, 1 , . 6x + a , b-a 

^ '(x) = — —- = b — , X G (0, 00). 

X + 1 X + 1 

Furtfiermore, define a C^ function / on (0, 00) by /(x) := f{ip~^{x)) for x G (0, 00). 
Tfie tlieorem immediately follows from Theorem 12.61 once we show that («)«, {P)n, 
{'j)n, and {S)n are equivalent, respectively, to (a)^, (b)^, (c)^, and (d)^ for /. First, 
the equivalence of («)„ to (a)^ for / is immediate since both 1/; on (a, b) and ip~^ on 
(0, 00) are operator monotone. The following equalities are easy to check: 

limsup /(a;)/x = limsup(6 — t)/(t), 

limsup/(x) = limsup/(t), 

X— i-oo tyb 

liminf x/(x) = liminfft — a)f(t), 

x\o b — a t\a 

limsupx^/(x) = — TT- limsup(t — a)^/(t). 

x\o [b - ay t\a 

Next, let ti, . . . , tn G (a, b) be arbitrary and let Xi := ip{ti) for i = 1, . . . , n. By direct 
computations we have 



J [Xi , Xj ) 
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^—{{{b - trmf\u,t,) + {b- u)f iu) + {b- t,)f{t,)}, 



XJ[X)J [X„Xj) ^(^.)_^(^.) 



b — a \ b — t 



t-a ^W 



ib-U){^--f{t)] {U,t,){b-t,) 



b — a 

X J[X)J [X,,Xj)- ,U,,(^^ 



1 { ((t - a){b - t)/(t))™(t„ t,) + (t,, - a)f{U) + (t, - a)f{tj)}, 



b — a 



'3/ 

t — a^ ^ 



(b-U){{i-- fit) {U,t,){b-t, 



^ ^((t - a)V(t))™(t.,t,) + %#/(t.) + %#/(t,: 



a 1^ 6 — tj, b — tj 

It is seen from the above equalities that (/3)n, {l)n, and (5).„ are equivalent, respectively, 
to (b);, (c);, and (d); for /. D 

Corollary 4.2. Let f be a real C^ function on {a,b) where — oo < a < b < oo. Then 
the following conditions are equivalent: 

(a) f is operator monotone on {a,b); 

{(3) limsupj^fe(6-t)/(t) < +00, lira sup ^ y^^ f{t) > -oo, and L(^b~t)y{t)iti, ■ ■ ■ ,tn) is 
c.p.d. for all n eN and all ti, . . . , t„ G (a, b); 

(7) liminff\^„(t- a)/(t) < 0, limsup^/,;, /(t) > -00, and L,^t_a)(^b-t)f(t)itu ■ ■ ■ ,tn) is 
c.n.d. for all n G N and all ti, . . . ,tn G {a,b); 

{6) liminfi\^a(t - a)f(t) < 0, limsup(\^„(t - a)VW > 0, and L(^t-a)yit){ti, . . . ,tn) is 
c.p.d. for all n eN and all ti, . . . ,tn G (a, 6) . 

Remark 4.3. Let / be a C^ function on a finite interval (a, b) and c be an arbitrary 
point in (a, 6). As mentioned in Remark 12.81 it is known by (TUl E] that / is operator 
monotone on (a, b) if and only if L(^t-c)'2f{t)(ti, • • • , ^n) is c.p.d. for alHi, . . . , t„ G (a, b), 
n eN. By letting c /^ b and c \ a it follows that the (a) implies the c.p.d. conditions 
in (/3) and (6). Corollary 14.21 says that the c.p.d. of L(^t-cyf{t) for the boundary point 
c = b 01 c = a with additional boundary conditions conversely implies the c.p.d. of 
L(t_c)2f(t) for all c G (a, b). On the other hand, it is known (see P Corollary 2.7.8] and 
[m Lemma 2.1]) that / is operator convex on (a, 6) if and only if /'^^(c, ■) is opertor 
monotone on (a, b) for some c G (a, b). So one can also obtain characterizarions of the 
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operator convexity of / by applying Corollary 14.21 to /'^'(c, ■) when / is assumed to be 
C^ on (a, 6). However, such characterizations are not so immediate to the function / 
as those in Corollary 12.21 for / on (0, oo). 

Remark 4.4. Let f\, A G [—1, 1], be operator monotone functions on (—1, 1) given in 
Remark 12.91 which are kernel functions in Lowner's integral representation for opera- 
tor monotone functions on (—1, 1). Theorem 14.11 says that L(i_t)2j^(t)(ti, . . . ,t„) and 
L{t+i)^f^{t)ih, • • • ,in) are c.p.d. and L(i_t2)^^(ti, . . . ,t„) is c.n.d. for every ti, . . . ,t„ e 
(—1, 1). Indeed, these can be directly checked by the following expressions: 



(t+l)VA(t)) {t„tj) 

(l-t2)/,(t)) {U,tj) 



U + tj 


2A-1 
+ A^ 
2A + 1 
A2 
1 


1 


(A- 


^-ly 


A 

U + tj 


' (1 

1 


-At 
(A" 


0(1 -At,) 
1 + 1)2 


A 

t, + t, 


' (1 
A-2 


-At 
- 1 


0(1 -At,) 



A A2 (i_Ati)(l-At,)' 



Moreover, if / is operator monotone on (—1, 1), then the boundary conditions as t /^ 1 
or t \ — 1 in (/3)-(5) are shown by Lowner's integral representation. Since an operator 
monotone functions on (a, b) is transformed into that on (—1, 1) by an affine function, 
the argument here supplies another (direct) proof of the implications from (a) to (/3)- 
(7) in Corollary 14.21 So the converse implications of these are of actual substance in 
the corollary. 
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Introduction 

In matrix/operator analysis quite important are the notions of matrix/operator mono- 
tone and convex functions initiated in 1930's by Lowner [12] and Kraus [11]. For a 
real C^ function on an interval (a, b) it was proved in [12] that / is matrix monotone 
of order n (i.e., A < B implies /(A) < f{B) for n x n Hermitian matrices A,B with 
eigenvalues in (a, b)) if and only if the matrix 



Lf{ti, . . . ,t 



J ^n) 



fiti) - fit,) 



t, 



«J=1 



of divided differences of / is positive semidefinite for any choice of ti,...,t„ from 
(a, 6). The above matrix Lf{ti, . . . ,tn) is called the Pick matrix or else the Loewner 
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(= Lowner) matrix associated with /. The characterization of matrix convex functions 
of similar kind was obtained in [H] in terms of divided differences of the second order. 
Almost a half century later in 1982 a modern treatment of operator (but not ma- 
trix) convex functions was developed by Hansen and Pedersen [7]. The most readable 
exposition on the subject is found in |2]. 

Recently in [3] Bhatia and the second-named author of this paper presented new 
characterizations for operator convexity of nonnegative functions on [0, oo) in terms of 
the conditional negative or positive definiteness (whose definitions are in Section 1) of 
the Loewner matrices. More precisely, the main results in [3] are stated as follows: A 
nonnegative C^ function / on [0, oo) with /(O) = /'(O) = is operator convex if and 
only if L/(ti, . . . , t„) is conditionally negative definite for all ti, . . . , t.„ > of any size n. 
Moreover, if / is a nonnegative C^ function on [0, oo) with /(O) = /'(O) = /"(O) = 0, 
then f(t)/t is operator convex if and only if Lj(ti, . . . , t„) is conditionally positive 
definite for all ti, . . . , t^ > of any size n. More recently, Uchiyama [H] extended, by a 
rather different method, the first result stated above in such a way that the assumption 
/ > is removed and the boundary condition /(O) = /'(O) = is relaxed. Here it 
should be noted that the conditional positive definiteness of the Loewner matrices and 
the matrix/operator monotony were related in [10] and [6l Chapter XV] for a real 
function on a general open interval (see Remark 12.81 for more details). 

In the present paper we consider the following conditions for a C^ function / on 
(0, oo) and for each integer n > 1: 

(a)„ / is matrix convex of order n on (0, oo); 

(h)n liminfi^oo f(t)/t > — oo and Lf(ti, . . . ,tn) is conditionally negative definite for 

all ti,...,t„ G (0,oo); 

(c)„ limsup^\^Qt/(t) > and Ltf(t){ti, ■ ■ ■ ,tn) is conditionally positive definite for all 
ti,...,tn e (0, oo). 

We improve the proof in [3] without use of integral representation of operator convex 
functions and prove the implications (a)2n+i ^ (b)n, (b)4n+i =^ (a)„, (a)„+i =^ (c)n, 
and (c)2n+i =^ (a)n- In this way, the results in [3] (also [H]) are refined to those in the 
matrix level. 

The paper is organized as follows. In Section 1 we prepare several implications 
among a number of conditions related to matrix monotone and convex functions, pro- 
viding technical part of the proofs of our theorems. Some essential part of those 
implications are from [13]. In Section 2 we prove the above stated theorem (Theo- 
rem |2ll]) characterizing matrix convex functions on (0, oo) in terms of the conditional 
negative or positive definiteness of the Loewner matrices. Similar characterizations of 
matrix monotone functions on (0, oo) are also obtained (Theorem 12. 6p . In Section 3 
our theorems are exemplified with the power functions t" on (0,oo). (An elementary 



treatment of the conditional positive and negative definiteness of the Loewner matri- 
ces for those functions is found in [1].) Finally in Section 4, we further obtain similar 
characterizations of matrix monotone functions on a finite interval (a, b) by utilizing 
an operator monotone bijection between (a, b) and (0, oo). 

1 Definitions and lemmas 

For n G N let M„ denote the set of all n x n complex matrices. Let / be a continuous 
real function on an interval J of the real line. It is said that / is matrix monotone of 
order n {n-monotone for short) on J if 

A>B implies f{A) > f{B) (1.1) 

for Hermitian matrices A,B in M„ with a{A),a{B) C J, where o"(A) stands for the 
spectrum (the eigenvalues) of A. It is said that / is matrix convex of order n {n-convex 
for short) on J if 

f{XA + (1 - X)B) < Xf{A) + (1 - X)f{B) (1.2) 

for all Hermitian A,B e Mn with a{A),(7{B) C J and for all A G (0,1). Also, / 
is said to be n-concave on J if — / is ra-convex on J. Furthermore, it is said that / 
is operator monotone on J if ( 11. ip holds for self-adjoint operators A,B in B{'H) with 
cr(yl), (t{B) C J, and operator convex on J if (11.21) holds for all self-adjoint A^B E B{'H) 
with a{A),a{B) C J and for all A G (0,1), where B{l-i) is the set of all bounded 
operators on an infinite-dimensional (separable) Hilbert space %. As is well known, 
/ is operator monotone (resp., operator convex) on J if and only if it is n-monotone 
(resp., n-convex) on J for all n G N. 

For each n G N let Cq denote the subspace of C" consisting of all x = (xi, . . . , x„)* G 
C" such that X^ILi ^i = 0. A Hermitian matrix A in M„ is said to be conditionally 
positive definite {c.p.d. for short) if {x,Ax) > for all x G Cg, and conditionally 
negative definite [c.n.d. for short) if —A is c.p.d. Let / be a real C^ (i.e., continuously 
differentiable) function / on an interval (a, b) with — oo < a < b < oo. The divided 
difference of / is defined by 

f m-m \fo^f 

/W(M):= -; f ^ ' 

[f{s) ifs = t, 

which is a continuous function on (a, 6)^ (see [6l Chapter I] for details on divided 
differences). For each ti, . . . , t„ G (a, 6), the Loewner matrix Lf{ti, . . . , tn) associated 
with / (for ti, . . . , tn) is defined to be the n x n matrix whose (i, j)-entry is /^^'(tj, tj), 
i.e., 

L;(ti,...,tJ:=[/W(t„t,)]"^.^^. 



In the fundamental paper [12], Karl Lowner (later Charles Loewner) proved that, for 
a real C^ function / on (a, b) and for each n G N, / is n-monotone on (a, b) if and only 
a Lf{ti, . . . , tn) is positive semidefinite for any choice of ti, . . . , t„ from (a, b). 

Let / be a continuous real function on [0,oo). For each n G N we consider the 
following conditions: 

(i)„ / is ra- monotone on [0, oo); 

(ii)„ / is ra-concave on [0, oo); 

(iii)„ / is 77,-convex on [0, oo) and /(O) < 0; 

(iv)„ f{X*AX) < X*f{A)X for all A,X G M„ with A > and ||X|| < 1; 

(y)n fit)/t is ra-monotone on (0, oo). 

When / is C^ on (0, oo), we further consider the following conditions: 

(vi)„ Lf{ti,. . ., tn) is c.n.d. for alHi, . . . , t„ G (0, oo); 

(vii)„ Ltf(^t)(ti,...,tn) is c.p.d. for alHi,...,t„ G (0, oo). 

For a continuous real function / on [0, oo) such that f(t) > for all t > 0, the 
following conditions are also considered: 

(viii)„ t/f{t) is ra-monotone on (0, oo); 

(ix)„ t^/fit) is ra-monotone on (0, oo). 

In the rest of this section we present lemmas on several relations among the above 
conditions, which will be used in the next section. But they may be of some independent 
interest. 

Lemma 1.1. Let f he a continuous real function on [0, oo). Then for every n G N the 
following implications hold: 

(iii)„+i =^ (iv)„ ^^ (v)„, (v)2„ =^ (iii)„. 

Proof. (iii)„+i ^ (v)„ was shown in [13], Theorem 2.2], and (iv)„ <^ (v)„ was in [T3l 
Theorem 2.1] while the following proof is comparatively simpler. Indeed, (iv)„ ^ (v)„ 
is seen from the proof of [3, Theorem 2.4]. Conversely, suppose (v)„, and let A G M„ be 
positive semidefinite and X G M„ with ||X|| < 1. We may assume that A > 0, and we 
further assume that X is invertible. Take the polar decomposition A^f^X = U\A^^'^X\ 
and set B := \X*A^/^\'^. Then we have B < A and B^/^ = U\A^/^X\U* = A^/^XU% 
so A-1/25V2 = XU*. Since B^^'^ f{B)B~^l^ < A^^l^ f{A)A~^l^, we have 

f{B) < B^/^A~^/^f{A)A~^/^B^/^ = UX*f{A)XU* 



and f{B) = Uf{X*AX)U*. Therefore, f{X*AX) < X*f{A)X. When X is not 
invertible, choose a sequence e^ — ^ such that Xk := (1 + \ek\)~^{X + ekl) is invertible 
for any k, and take the hmit of f^XlAX^) < X^/(y4)Xfc. The remaining (v)2„ =^ (iii)n 
is seen from the proof of [3, Theorems 2.1 and 2.4]. D 

Lemma 1.2. Let f be a continuous real function on [0, oo). Then for every n G N the 
implication 

(i)2n =^ (ii)„ 

holds. Moreover, if f{t) > for all t > 0, then for every n eN the following hold: 

(ii)n =^ (i)„, (i)2n =^ (viii)„- 

Proof. (i)2n ^ (ii)n is seen from the proof of [T^ Theorem 2.4]. Now assume that 
f{t) > for all t > 0. Then (ii)„ =^ (i)„ is seen from the proof of [TJ Theorem 2.5]. 
Next, suppose (i)2n- Since / is 2n-monotone on [0, oo) with — / < 0, the proof of [TJ 
Theorem 2.5] shows that — / satisfies (iv)„ and hence (v)„ by Lemma [1 . 11 so —f{t)/t 
is n-monotone on (0, oo). Since —t~^ is operator monotone on (— oo, 0), it follows that 
^lf\^) = ~i~f{'t)/'t)~^ is n-monotone on (0, oo). Hence (viii).„ follows. D 

Let / be as in Lemma [1.21 such that /(t) > for all t > 0. Since (viii)„ is equivalent 
to the n-monotony of —f{t)/t on (0, oo), we further have (viii)2„ ^ (ii)n and (ii)n+i 
^ (viii)„ by applying Lemma fl . 1 1 to — /, though not used in the rest of the paper. 

Lemma 1.3. Let f be a continuous real function on [0, oo) such that f(t) > for all 
t > 0. Then for every n eN the following hold: 

Proof Since t^/f{t) = t/{f{t)/t) and f{t)/t = t/{t^/f{t)), the stated imphcations are 
immediately seen from (i)2n =^ (viii)„ of Lemma [1. 2 [ D 

Lemma 1.4. Let f be a real C^ function on [0, oo) such that f{t) > for all t > 0, 
/(O) = 0, and /'(O) > 0. Then for every n G N the following implications hold: 

(vi)n+i =^ (ix)„ =^ (vi)„. 

Proof. (vi)„+i =^ (ix)„. First, recall (see [H p. 193] or [6l p. 134]) that if a Hermitian 
(n + 1) X (n + 1) matrix [a,j]"^i;^ is c.p.d., then the n x n matrix 

is positive semidefinite. Hence for every ti, . . . ,tn,tn+i G (0, oo), assumption (vi)„+i 
implies that 

[/W(t„t,) - /W(t„ WO - /W(t,, wo + /'(W0]^=i < 0. 
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Since /(O) =0, letting tn+i \ yields that 



f^'\U,t,) 



Li Lj 



no) 



<0. 



«J=1 



Since 



we see that 



n%,t,)-m-^-^-(LY\u,t.-'^'^^ 



tj 



m) 



:i.3) 



fit)) ^^"^^■^ 



fiu) f t' y\. .^ fitj) 



/'(0)i?„ > 0, 



ij = l 



where En stands for the nxn matrix of all entries equal to 1. Since /'(O) > 0, we have 
Lf2/j(i)(ti, . . . ,tn) > 0, which yields (ix)„ by Lowner's theorem. 

(ix)„ =^ (vi)„. For every ti, . . . , t„ G (0, oo), it follows from (11. 3p that 



Lf{ti, . . . ,tn) — — 



fit^) ( t' Y\^ ,, f{h) 



fit)) 



[ti, tjj 



+ 



J J i,j=i 



fit^) ^ fit,) 



t,. 



t. 



'3 J i,j=l 



Since L(2/j(()(ti, . . . , t„) > by assumption (ix)„, the above expression yields that 
Lf(ti, . . . ,tn) is c.n.d. D 

The proof of the next lemma is a modification of the argument in [lOl p. 428]. 

Lemma 1.5. Let f be a continuous real function on [0, oo) with /(O) = such that 
f is C^ on (0, oo) and \\nit\otf'it) = 0. {This is the case if f is C^ on [0, oo) with 
/(O) = 0.) Then for every n ^fi the following implications hold: 



vn 



n+l 



vn 



Proof. (vii)„+i ^ (v)„. Set g{t) := tf(t) for t G [0, oo) and for each e > define 

geit) := git + e) - g{s) - g'{e)t, t G [0, oo). 

Then g^ is C^ on [0, oo) and 5'e(0) = ^'^(O) = 0. From assumption (vii)„+i it follows 
that Lg^{ti, . . . ,tn, tn+i) is c.p.d. for every ti, . . . , t„, t„_|_i G (0, oo). Hence similarly to 
the proof of Lemma 11.41 we have 



9^M,t,)- 



Qeiti) geitj) 



> 



«,i=i 



for every ti, . . . , t„ G (0, oo). Since 



9M *fe)_,..f*l^V',,,,^.).,^, 



ti 



t, 



t2 I 



:i.4) 



we see that Lg^i^iy^iti, . . . ,tn) > 0. Since g{e) — )■ and g'{e) = f\e) + ef'{e) — )■ as 
e \0 thanks to assumption on /, it follows that ge{t)/t^ — )■ g{t)/t^ = f{t)/t as e \ 
for any t > 0. Hence we have Lf(^t)/t(ti, • • • , ^n) > 0, which yields (v)„. 

(v)n =^ (vii)n- Let g be as above. For every ti,...,t„ G (0,oo), from (11.41) for g 
instead of (?£ we have 

r //(t)y^' 1" 

Lg[ti, . . . , tn) = ti ■ \ — I (tj, tj) ■ tj + 

\ ^ y u,j=i 

which is c.p.d. due to (v)„. D 






u 



'3 J i,j=l 



2 Functions on (0, oo 



The aim of this section is to relate the ra-convexity and the n-monotony of a C^ function 
on (0, oo) to the c.p.d. and the c.n.d. of the Loewner matrices associated with certain 
corresponding functions. The first theorem is concerned with n-convex functions on 
(0,oo). 

Theorem 2.1. Let f he a real C^ function on (0, oo). For each n G N consider the 
following conditions: 

(a)„ / is n-convex on (0, oo); 

(b)„ liminfi_j,oo f{t)/t > —c>o and Lf(ti, . . . ,tn) is c.n.d. for allti,...,tn G (0, oo); 
(c)„ limsup4\^o^/(^) — '^^'^ Ltf(t)(ti, . . . ,tn) is c.p.d. for all ti, . . . ,tn G (0, oo). 
Then for every n G N the following implications hold: 

■ (b)„, (b)4n+i =^ (a)„, 



>2n+l 



ln+1 



l2n+l 



Proof. First, note that Imvt^^ f{t)/t > ~oo (the limit may be +oo) and liminff\^o tf{t) 
> 0, slightly stronger than the boundary conditions in (b)„ and (c)„, are satisfied as 
long as / satisfies (a)i, i.e., / is convex as a numerical function on (0, oo). When 
liminft_>.oo f{t)/t > — oo, for any e > it follows that 

. f{t + e)-f{e) ^ 

mt > — oo. 

tG(0,oo) t 

So one can choose a 7^ G M smaller than the above infimum and define 

fe{t) := fit + e)- f{e) - ^,t, t G [0, 00), 

so that fe{t) > for all t G (0, 00), /^(O) = and /^(O) > 0. In the proof below, /^ will 
be such a function chosen for each e > 0. 



(a)2n+i ^ (b)n. For any e > 0, since (a)2n+i implies that fe is (2r2 + l)-convex on 
[0, oo), one can apply (iii)2n+i =^ (y)2n =^ (ix)n =^ (vi)„ of Lemmas ll. 1(11.31 and II .41 to 
fe so that Lf^(ti, . . . ,tn) is c.n.d. for every ti, . . . , t„ G (0, oo). Since 

%(ti,...,t„) = Lf{ti+e,...,tn + e)-%En, (2.1) 

it follows that Lf{ti + e, . . . ,tn + s) is c.n.d. Hence (b)^ holds since £ > is arbitrary. 

(b)4,i+i =^ (a),i. For any e > 0, thanks to (12. ip with 4n + 1 in place of n, it follows 
from (b)4„+i that (vi)4„+i is satisfied for f^. So one can apply (vi)4„+i =^ (ix)4„ =^ 
(v)2n =^ (iii)n of Lemmas ll.4lll.3l and ll.ll to fe so that /^ is ra-convex on [0, oo). Hence 
f{t + e) is n-convex on [0, oo) so that (a)„ follows since e > is arbitrary. 

(a)„,+i =^ {c)n. For any e > 0, since fe is (n + l)-convex on [0,oo), we can apply 
(iii)„+i => (v)„ => (vii)„ of Lemmas O and O to fe, so Ltf^{t)iti, • • • ,t„) is c.p.d. for 
every ti, . . . , t„ G (0, oo). Since 

Ltf,{t){ti,. . .,tn) = Ltf(t+£)(ti, . . .,tn) - f{e)En - le[ii +^i]j_^-^i, 

we see that Ltf{t+e)(ti, ■ ■ ■ ,tn) is c.p.d. Furthermore, since tf{t + e) — > tf(t) and 

(t/(t + e))' = fit + e) + tfit + e)^ fit) + t/'(t) = (t/(t))' 

as £ \ for any t > 0, it follows that Lij(i)(ti, . . . ,t„,) is c.p.d. Hence (c)„ holds. 

(c)2n+i ^ (a)n- Let git) := tfit) for t G (0,oo). Since limsupi\^ofi'('^) ^ by 
assumption, one can choose a sequence Ek \ in such a way that gisk) > for all k 
when limsupj\^g5'(t) > 0, or else limfc_^oo5'(£^fc) = when lim sup4\^o 5' (^) = 0- Define 

9kit) ■■= git + Ek) - gisk) - g'iek)t, t g [0, oo). 

Thanks to limt\^o5'fc(^)/^ = 0? 9k is written as gkit) = tfkit) with a continuous function 
fk on [0, oo) with /fc(0) = 0. Notice that fk is obviously C^ on (0, oo) and furthermore 

tfkit) = g'kit) - ^ 

///. ,^N u^ \\ f git + ek) -gisk) ,,. 
= i9it + ek) - g i£k)) - I g i^k) 

— ^ as t \ 0. 

Since (c)2n+i implies that (vii)2n+i is satisfied for fk, we can apply (vii)2n+i =^ (v)2n 
=^ (iii)n of Lemmas 11.51 and fTTTl to fk so that fk is n-convex on [0, oo). Writing 

we see that 

n .^^ .^ it + £k)fit + ek) _ gisk) 
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is n-convex on (0, oo). When g{ek) > for all k, 

{t + ek)f{t + ek) ^ f u), 9{£k) 
t Jk{ ) ^ 

is n-convex on (0, oo) since g{ek)/t is operator convex on (0, oo). Furthermore, notice 
that linifc^oo(^ + ^k)f{t + Bk)/t = f{t) for all t > 0. Hence (a)„ holds. On the other 
hand, when limfc_j.oo5'(£^fc) = 0, we have limi^^oo fk{t) = f{t) for all t > 0, and hence 
(a)„ holds as well. D 

The equivalence of the following (a)-(c) immediately follows from Theorem 12.11 
which extends [21 Theorems 1.1, 1.2, 1.4, and 1.5]. The equivalence between (a) and 
(b) was proved in [HI Theorem 3.1] by a different method. 

Corollary 2.2. Let f he a real C^ function on (0, oo). Then the following conditions 
are equivalent: 

(a) / is operator convex on (0, oo); 

(b) liminfi^oo f{t)/t > ~oo and Lf(ti, . . . , t„) is c.n.d. for alln eN and allti, . . . ,tn 
G (0,oo); 

(c) limsup^\^Qt/(t) > and Ltf(t)ifi, . . . ,tn) is c.p.d. for alln E N and allti, . . . ,tn G 
(0,oo). 

Moreover, if the above conditions are satisfied, then \im.t^oo fit)/ 1 cind\im.t\otf{t) 
exist in (—00,00] and [0, 00), respectively. 

Proof. It remains to show the last assertion. Assume that / is operator convex on 
(0, 00). Then limt^oo f(t)/t > ~oo is obvious as noted at the beginning of the proof of 
Theorem 12.11 Consider the function g{t) := /^^'(t, 1) on (0, 00). Then the characteriza- 
tion of operator convex functions due to Kraus [11] says that g is operator monotone 
function on (0, 00) and so g(t + 1) is operator monotone on (—1,1). By Lowner's 
theorem [12] (or [21 V.4.5]) we have the integral representation 

g{t + 1) = g{l) + g'{l) [ —^ dfi{X), t G (-1, 1) 

with a probability measure fi on [—1, 1]. Letting a := /i({— 1}) we write 

it + l)git + 1) = g{l)it + 1) + ag'{l)t + [ ^^^ rf^A), t G (-1, 1). 

J(-l,l] i - At 

Since (t + 1)/(1 — At) < 1 for all A G (—1,1] and t G ( — 1,0], the Lebesgue convergence 
theorem yields that 

limt^(t) = lim (t + l)g{t + 1) = -ag'{l), 

T \jU t \j J- 

from which limi\^o^/(^) = '^fl''(l) ^ [0, 00) immediately follows. D 



Remark 2.3. Concerning the operator convex functions gx{t) := t^/(l — At) on (—1,1) 
with A G [—1, 1] (see [21 p. 134]), it was shown in [H Theorem 3.1] that Lg^{ti, . . . ,tn) 
is c.n.d. if A e [—1, 0] and c.p.d. if A G [0, 1] for every ti, . . . , t„ G (—1, 1) of any size n. 
By considering 5'a|(o,i) ^^^ — fi'A|(o,i) with A G (0, 1), we see that neither (a) =^ (b) nor 
(b) =r- (a) of Corollary 12.21 can be extended to functions on a finite open interval (0, b). 

Remark 2.4. The conditions liminff^oo /(t)/t > — oo and limsup^x o^/(^) — ^'^^ 
obviously satisfied if f{t) > for all t > 0. We remark that these boundary conditions 
are essential in Theorem 12.11 and Corollary 12. 2[ as seen from the following discussions. 

When 1 < a < 2, the function t" is operator convex on (0, oo). Hence Corollary 12.21 
implies that Ltc+i(ti, . . . , t„) is c.p.d. and so L_ta+i(ti, . . . , t„) is c.n.d. for allti, . . . , t„ G 
(0, oo), n G N. However, — t""*"^ is not operator convex (even not convex as a numerical 
function) on (0, oo). Note that limi^oo(— t"+^)/t = — oo. 

When — 1 < a < 0, the function f^ is operator convex on (0, oo). Hence Corollary l2.2l 
implies that Lt^iti, . . . ,tn) is c.n.d. and so L_ta(ti, . . . ,t„) is c.p.d. for all ti, . . . ,t„ G 
(0, oo), ri G N. However, — 1"~^ is not operator convex (even not convex as a numerical 
function) on (0, oo). Note that hmi\^o^(— ^"~"'^) < ^ 1- 

A problem arising from Theorem 12.11 would be to determine the minimal number 
z/(?i) (resp., '/r(n)) of m G N such that (b)^ =^ (a)n (resp., (c)^ =^ (a)„) for all real C^ 
functions on (0, oo). The problem does not seem easy even for the case n = 2 while 
3 < i/(2) < 9 and 3 < 7r(2) < 5 (see Proposition O for (b)2 ^ (a)2 and (c)2 ^ (a)2). 
In the case n = 1, the c.n.d. condition of (b)i and the c.p.d. condition of (c)i are void 
but (a)i means that / is simply convex on (0,oo). Hence the next proposition shows 
that z/(l) = 7r(l) = 2, which will be used in the proof of the next theorem. 

Proposition 2.5. Let f be a real C^ function on (0,oo). Then for conditions (a)i, 
(b)2, and {0)2 of Theorem \2.1\ the following hold: 

(b)2 =^ (a)i, (0)2 =^ (a)i. 

Proof. (b)2 =^ (a)i. The c.n.d. condition of (b)2 is equivalent to the concavity of /' on 
(0,00) (see [HI p. 137, Lemma 3]). Now suppose that /' is not non- decreasing; then 
limt^oo f'{t) = — 00 from concavity. Hence for any A' > an a > can be chosen so 
that f'{s) < —K for all s > a. For every t > a, since 

^^^^ ~ ^^""^ = f'{s) < -K for some s G (a, t), 

we have 

y fit) ,. fit) - fja) ^ 
hm sup = hm sup < —K , 

t— >oo t t—^00 t a 

which implies that limj_j.oo /(^)/^ = —00, contradicting the assumption. Hence /' is 
non-decreasing, so / is convex on (0, 00). 
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(c)2 =^ (a)i- Write g{t) := tf{t) for t G (0, oo). The c.p.d. condition of (0)2 is equiv- 
alent to the convexity of (7' on (0, 00). From this and the assumption hm sup j\^Q (7 (t) > 
it follows that the limit limj\^o5'(^) exists and is in [0, 00). Hence we may assume that 
g is continuous on [0, 00) with g{0) > 0. Notice that 

t t t Jq t e\0 t Jq 

Hence the conclusion follows from the fact [5] that if /i is a continuous convex function 
on [0, 00), then the function j J h{s) ds is convex on (0, 00). For the convenience of 
the reader a short proof is given here. Indeed, such a function h can be approximated 
uniformly on each finite interval [0, a] by functions of the form 

k 

at + (3 + 2J c^iit - Xi)+ 

i=l 

with a,(3 ^W and ai,Xi > 0, where x+ := max{x, 0} for x G M. Since the function 
T /o i^~'^)+ ^^ — {'t~X)'^/2t is convex on (0, 00) for any A > 0, the assertion follows. D 

Note that the converse of each implication of Proposition 12.51 is invalid. Indeed, for 
the second consider the function 

m :={''• '-'-'• 

[2t-l, t>l, 

and the function t^ for the first (see Proposition 13.11) . 

The next theorem is concerned with n-monotone functions on (0, 00). 

Theorem 2.6. Let f be a real C^ function on (0, 00). For each n E N consider the 
following conditions: 

(a)^ / is n-monotone on (0,oo); 

(b); limsupj^^ f{t)/t < +CX), limsup^^^ f{t) > -cx), and Lf{ti, ...,tn) is c.p.d. for 
all ti, . . . ,tn E (0, 00); 

(c)^ \im.mit\otf{t) < 0, linnsup^^^ f(t) > —00, and Ltf(t)iti, . . . ,tn) is c.n.d. for all 
ti,...,tn G (0, CX)); 

(d)^ liminfiX^o^/W < 0, lim sup^x^g ^ V W > 0, and Lt2f(^t){ti, ■ ■ ■ ,tn) is c.p.d. for all 
ti,...,t„ G (0,00). 

Then for every n G N the following implications hold: 



(a)'„ =^ (b)l ifn > 2, (b)' =^ (a)'„, (a)^^^^ =^ (c):, (c);„^-, =^ (a 



2n+2 ^ V-yn' \^)2n+l ^ V^^n' 



(a)L =^ (d)l ifn>2, (c)2„+i =^ (d)'^, (d)2„+i =^ (c 
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Proof. First, note that limsupi\^o^/(^) — ^^^ \im.t-^oofit) > — oo, slightly stronger 
than the corresponding conditions in (b)^-(d)^, are obvious as long as / satisfies (a)'^, 
i.e., / is non-decreasing on (0, oo). 

(a)^ =^ (b)^ if n > 2. Suppose (a)^ with n > 2. The stated c.p.d. of Lf is a 
consequence of Lowner's theorem. Next, we show that linif^oo f{t)/t £ [0, oo), slightly 
stronger than limsupj^oo /('^) A < +oo. By taking f(t + 1) — /(I) + 1 we may assume 
that /(t) > for all t > 0. Then it follows from (1)2 =^ (viii)i of Lemma O] that t/f{t) 
is non- decreasing on (0, 00), so the conclusion follows. 

(b)4n+i ^ {^Yn- 0^6 can apply (b)4„+i =^ (a)„ of Theorem 12.11 to — / to see that / 
is n-concave on (0, 00). Thanks to limsup^^o^ /(t) > —00 this implies also that / is 
non- decreasing on (0, 00). For any e > let /e(t) := f{t + e) — f{e) + 1 for t > 0, and 
apply (ii)„ =^ (i)„ of Lemma fL2] to /^ so that fe is n-monotone on [0, 00). Hence / is 
n-monotone on (0, 00) since e > is arbitrary. 

(a)2„+2 =^ {cYn- It follows from (i)2n+2 =^ (ii)n+i of Lemma \T?2\ that / is (n + 1)- 
concave on (0,oo). Now (c)^ is shown by applying (a)n+i =^ (c)n of Theorem 12.11 to 

-/• 

{c)2n+i =^ (a)^ is proved similarly to (hY4^n+i ^ (^)n above. Indeed, apply (c)2n+i 
=^ (a)„ of Theorem 12. II to — / and use Lemma [1.21 as above. 

{aYn =^ (d)^ if n > 2. For any 5 > 0, since f{t + e) = {tf{t + e))/t is n-monotone 
on (0,00), it follows from (v)2 =^ (iii)i of Lemma 11.11 that tf{t + e) is convex on 
[0, cxd). Letting e \ yields that tf{t) is convex on (0, 00), from which we have 
liminfi\^o^^/(^) > 0, slightly stronger than limsupj\^Qt^/(t) > 0. For each e > let 
ge{t) := {t — eYf{t) for t G (0, 00). Note that the second divided difference gl (t, e, e) is 
nothing but /(t), which is n-monotone on (0, 00) by assumption. Hence by O p. 139, 
Lemma 5] we see that Lg^(ti, . . . ,tn) is c.p.d. for alHi, . . . , t„ G (0, 00). Letting e \0 
yields the stated c.p.d. of Lfifit). 

('^)2n+i ^ (d)n- It 'w^s already shown that {cY2n+i ^ (^)n ^ Wn H n > 2. For 
n = 1 the c.n.d. condition in {d)[ is void and the two boundary conditions hold since 
(c)3 =^ {a)[ (see the beginning of the proof). 

(d)2„+i =^ (c)^. Set g{t) := tf{t) for t > 0. Since (d)2„_,_]^ implies that g satisfies 
(c)2n+i of Theorem 12. H g is convex on (0, 00) by Proposition 12.51 (or by (c)2n+i => 
(a)„ of Theorem 12. ip . and so limt_j.oo /(^) > —00. For each e > choose a constant 
7e < g'{e) and define 

ge{t) := g{t + e) - g{e) - -fet, te[0,oo). 

Since ge satisfies (vii)2n+i, one can apply (vii)2n+i =^ (v)2n =^ (ix)n =^ (vi)n of Lemmas 
11.51 11.31 and 11.41 to g^ so that Lg^{ti, . . . ,tn) is c.n.d. for all ti, . . . , t„ G (0, 00). This 
shows the asserted c.n.d. of Lg = Ltf(t) by letting e \ 0. D 

The equivalence of the following (a)'-(d)' immediately follows from Theorem 12.61 In 
jl4[ Theorem 2.4], Uchiyama extended [71 Theorem 2.5] in such a way that a continuous 
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function / on (0, oo) is operator monotone if and only if / is operator concave and 
limt^oo /(^) > —oo (or limsup^^^ f(t) > — oo). Due to this result, the equivalence 
of (a)', (b)', and (c)' is also an immediate consequence of Corollary 12.21 Furthermore, 
the equivalence of (a)', (c)', and (d)' extends [3], Theorems 1.1, 1.2, 1.4, and 1.5] as 
Corollary 12.21 does. The equivalence between (a)' and (b)' was proved in [HI Theorem 
3.3] by a different method. 

Corollary 2.7. Let f be a real C^ function on (0, oo). Then the following conditions 
are equivalent: 

(a)' / is operator monotone on (0, oo); 

(b)' limsup^^^ f{t)/t < +00, Urn. sup f_^ ^ f(t) > — oo, and Lf(ti, . . . ,tn) is c.p.d. for 
all n eN and all ti, . . . , t„ G (0, oo); 

(c)' liminfj\^o^/(^) < 0, limsupj^^ f{t) > -oo, and Ltf(t){ti, ■ ■ ■ ,tn) is c.n.d. for all 
n E N and all ti, . . . , t„ G (0, oo); 

(d)' liminft\^o^/('f) ^ 0, limsupj\^o^^/(^) — 0; o^^c^ -^t2/(t)(^i, • • • ,^n) ^-5 c.p.d. for all 
n eN and allti,...,tn G (0, oo) . 

Moreover, if the above conditions are satisfied, then lirat^oo fit) /t, limt^oo f (t) , and 
\im.t\Qtf(t) exist in [0,oo), (—00,00], and (— oo,0], respectively, and\im.t\Qt°'f(t) = 
for any a > 1. 

Proof. It remains to show the last assertion. Assume that / is operator monotone on 
(0, 00). The existence of limt^oo /(^)A ^ [O5 °^) ^^^ linit^oo fit) G (—00, 00] was seen 
in the proof of Theorem 12.61 Since (c)' implies that — / satisfies (c) of Corollary 12. 2[ 
the existence of limt\^o^/(^) ^ (~oo, 0] follows from Corollary 12. 2[ so it is obvious that 
limt^ot"/(t) =0 if a > 1. D 

Remark 2.8. In the proof of (a)^ =^ (d)^ (if n > 2) of Theorem 12.61 we used a result 
from |61 Chapter XV]. In this respect, the equivalence between (a)' and (d)' has a strong 
connection to [IDl Theorem 10] and |6l p. 139, Theorem III], in which the following 
result was given: Let g he a. C^ function on an interval (a, b) and c any point in (a, b). 
Then Lg(ti, . . . , tn) is c.p.d. for alHi, . . . , tn G (a, b) of any size n if and only if g is of 
the form 

g(t) = g{c) + g\c){t-c) + {t-cff{t) 

with an operator monotone function / on {a,b). This in particular says that a C^ 
function / on (a, 6) is operator monotone if and only if -^(t_c)2/(t)(ii, ■ ■ ■ ,tn) is c.p.d. 
for all ti, . . . , t„ G (a, 6), n G N. An essential difference between the last condition and 
(d)' is that the point c is inside the domain of / for the former while it is the boundary 
point of (0, 00) for the latter. So it does not seem easy to prove (a)' <^ (d)' based on 
the above result in [TOl |6] . 
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Remark 2.9. Consider operator monotone functions fx{t) := t/(l — At) on (—1,1) 
with A G (—1,1), so tfx(t) is gx in Remark 12.31 By considering /a|(o,i) and — /a|(o,i) 
with A G (0, 1), we see that neither (a)' =^ (c)' nor (c)' =^ (a)' of Corollary 12.71 can be 
extended to functions on a finite open interval (0, b). Indeed, the right counterparts of 
Theorem 12.61 and Corollary 12.71 for functions on a finite interval (a, b) will be presented 
in Section 4 (see Theorem 14.11 and Corollary 14. 2p . 

Remark 2.10. Any of boundary conditions as t \ or t — ;■ oo in Theorem 12.61 and 
Corollary 12.71 is essential. For instance, the functions t^, t~^, — t, and — 1~^ on (0, cxo) 
are not 2-monotone; see Proposition 13.11 (1) for t^ and —t~^, and t~^ and —t are even 
not increasing as a numerical function. By taking account of Proposition 13.11 the 
functions t^ and —t show that (b)' =^ (a)2 is not true without limsupj_^oj3 fif)/t < +oo 
and limsup(_^o^ /(t) > — oo, respectively. Similarly, consider the functions t~^ and — t 
to see that the two boundary conditions of (c)' are essential for (c)' ^ (a) 2, and the 
functions t~^ and — 1~^ for the two boundary conditions of (d)'. 

3 Examples: power functions 

In this section we examine the conditions in Theorems I2.1l and l2.6l in the cases of lower 
orders n = 2, 3 for the power functions t" on (0, 00). In fact, we sometimes used such 
examples of power functions in the preceding section, for instance, in Remarks 12.41 and 
12.101 Elementary discussions on the c.p.d. and c.n.d. properties of t° based on the 
Cauchy matrix and the Schur product theorem are found in [U Section 2]. 

Proposition 3.1. Consider the power functions t" on (0, 00), where a &M.. Then: 

(1) t" is 2-monotone if and only ifO<a<l, or equivalently, t" is operator mono- 
tone. Moreover, — 1° is 2-monotone if and only if —1 < a <0. 

(2) t° is 2-convex if and only if either — l<a<0 or 1 < a < 2, or equivalently, t" 
is operator convex. 

(3) Ljc<(ti, ^2) is c.p.d. for all ti, ^2 G (0, 00) if and only if either 0<a<l or a > 2. 

(4) Ljc<(ti, ^2) is c.n.d. for all ti, t2 G (0, 00) if and only if either a<0orl<a<2. 

(5) Lja(ti, t2, ts) is c.p.d. for all ti,t2,ts G (0, 00) if and only if either < a < 1 or 
2 < a < 3. 

(6) Lt<y{ti,t2,t3) is c.n.d. for all ti,t2,^3 G (0, 00) if and only if either — 1 < a < 
orl< a<2. 
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Proof. For (1) and (2) see [H Proposition 3.1]. Here note that — t" is 2-nionotone if 
and only if so is t~" = — (— 1°)~^. (3) and (4) are immediately seen from [6l p. 137, 
Lemma 3]. 

(5) If < « < 1 or 2 < a < 3, then t"~^ is operator convex on (0, oo) and Corollary 

12.21 implies the c.p.d. condition here. For the converse, one can easily check that a 3 x 3 

a d e 
real matrix d b f is c.p.d. (resp., c.n.d.) if and only if 

_e / c_ 

a + c > 2e (resp., a + c<2e), 

b + c>2f (resp., b + c<2f), 

{c + d-e- ff <{a + c-2e){b + c- 2/). 

Since the above first two conditions for c.p.d. of Lta{ti,t2) means the c.p.d. condition 
in (3), we must have 0<a;<lora;>2 from (3). (This is also obvious since the c.p.d. 
of order three implies that of order two.) The last condition for c.p.d. of Ljq (x, y, 1) is 
written as 



a + 



X 



y" 



X 



y^-l 



X — y X - 
< fa(x"^^ + 1) 



y 



a;" 



1 



«(y""' + 1) 



yU 



X — I J \ y — ^ 

Multiplying {x — yY{x — l)^(t/ — 1)^ to the both sides of (13. ip gives 

{a{x -y){x- l){y - 1) + x"(y - 1)^ - (x - l)2/"(y - 1) 
+ {x-y){y-l)-{x- y){x - l)(y" - 1))' 
<{x-yf{x-l){y-l)F^{x)F^{y), 



(3.1) 



(3.2) 



where 

F^{x) := (a - 2)x" + ax - ax"^^ -{a- 2). 

When a > 2, the left-hand side of (13. 2p has the term x^" of maximal degree for x 
with positive coefficient (y — 1)^, and the right-hand side has the term x""*"^ of maximal 
degree for x with coefficient {a — 2){y — l)Fci{y) which is positive for large y > 0. Hence 
2a < a + 3 or a < 3 is necessary for ( 13. ip to hold for all x, y > 0. So we must have 
0<a<lor2<a<3. 

(6) If — 1 < a < or 1 < a < 2, then t" is operator convex on (0, oo) and Corollary 
I2.2l implies the c.n.d. condition here. Conversely, since the c.n.d. condition here implies 
that of order 2 in (4), we must have a<0orl<a<2 form (4). Moreover, (13. 2p holds 
in this case too. When a < 0, the left-hand side of (13. 2p has the term x^" of maximal 
degree for 1/x with positive coefficient [y — 1)^, and the right-hand side has the term 
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x" ^ of maximal degree for \jx with coefficient ay'^{y — l)Fa{y) which is positive for 
small y > 0. Hence 2a > a — 1 or a > —1 must hold, so we have — 1 < a < or 
1 < a < 2. D 

Concerning the conditions of Theorem 12.11 the above proposition shows that (b)2 
=^ (a)2, (c)2 =^ (a)2, (b)2 =^ (c)2, and (c)2 =^ (b)2 are all invalid while (a)2, (b)3, and 
(c)3 are equivalent for the power functions t". Moreover, concerning Theorem 12. 6[ we 
notice from the proposition that, restricted to the power functions t°, conditions (a)2, 
(b)2, and (c)2 are equivalent but (d)2 is strictly weaker. 

4 Functions on (a, b) 

For a real C^ function / on (a, oo) where — oo < a < oo, we have the same implications 
as in Theorem 12.61 with slight modifications of (a)^-(d)^ by applying the theorem to 
f{t + a) on (0, oo). For example, (a)^ and (c)^ are modified as 

(a)^ / is n- monotone on (a, oo), 

(c)^ \immit\ait-a)fit) < 0, limsup^.,^ f{t) > -oo, and L^t-a)f{t){ti, ■ ■ • ,^n,) is c.n.d. 
for alHi, . . . , t„ G (a, oo), 

and (b)^ and (d)^ are similarly modified. 

Moreover, for a real C^ function / on (— oo, 6) where — oo < 6 < oo, one can apply 
Theorem 12.61 to —f{h — t) on (0, oo) so that the same implications as there hold for the 
following conditions: 

(a)^ / is n-monotone on (—00,6); 

(b)^ limsupt^„o^ /(t)/t < +00, liminft^_oo/(t) < +00, and L/(ti, . . . , t„) is c.p.d. 
for alHi, . . . , t„ G (—00, h)] 

(c)^ limsupt^f,(6 - t)/(t) > 0, liminfj^_oo/(t) < +00, and L(b_j)/(j)(ti, . . . , t„) is 
c.n.d. for alHi, . . . , t„ G (—00, 6); 

(d)^ limsupt/>.b(6 - t)f{t) > 0, \immit/'b{b - t)^f{t) < 0, and L(^h-t)yit)(ti, . . . ,t„) is 
c.p.d. for all ti, . . . , t„ G (—00, b). 

The aim of this section is to prove the next theorem that is the counterpart of 
Theorem 12.61 for a real C^ function on a finite open interval (a, b). 

Theorem 4.1. Let f be a real C^ function on {a,b) where —00 < a < b < 00. For 
each n G N consider the following conditions: 

{a)n f is n-monotone on {a,b); 
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{(3)n limsupt^^(6- t)/(t) < +00, limsup4/,fc/(t) > -00, and L(b„j)2j(j)(ti, . . . , t„) is 
c.p. d. for allti,...,tn G {a,b) ; 

(7)n liminfi\^a(t- a)/(t) < 0, Urn sup^-y^^ fit) > -'^, and L{t-a){b-t)s(t){ti, ■ ■ ■ ,tn) is 
c.n.d. for all ti, . . . , t„ G (a, b); 

{5)n \i-mmit\a{t-o)f{t) < 0, lira sup t\^^{t - aff^t) > 0, and L(^t~a)y{t)iti, ■ ■ ■ ,tn) is 
c.p. d. for all ti, . . . ,tn G {a,b). 

Then for every n G N the following implications hold: 

{a)n^{f3)nifn>2, (/3)4„+i ^ (a)„, (a)2n+2 ^ (7)n, (7)2n+l ^ (a)n, 
(a)„ =^ (6),^ ifn>2, (7)2n+l =^ (5)n, (^)2n+l =^ (7)n- 

Proof. Define a bijective function ip : (a, b) — )■ (0, 00) by 

,,, t — a ^ b — a /,x 

V^(i) := -^-^ = -1 + -^-^, t e (a, 6), 

and lience 

, 1 , , 6x + a , 6- a 
V' (x) = — —- = b — , X G 0, cx) . 

X + 1 X + 1 

Furtfiermore, define a C^ function / on (0, 00) by /(x) := f{ip~^{x)) for x G (0, 00). 
The tlieorem immediately follows from Theorem 12.61 once we show that («)„, {P)n, 
(7)„, and ((5)„ are equivalent, respectively, to (a)'^, (b)^, (c)^, and (d)J^ for /. First, 
the equivalence of (a)„ to (a)^ for / is immediate since both ip on (a, b) and ip~^ on 
(0, 00) are operator monotone. The following equalities are easy to check: 

limsup /(x)/x = 7 limsup(6 — t)f(t), 

limsup/(x) = limsup /(t), 

liminf x/(x) = liminfft — a)f(t), 

x\o b — a t\a 

limsupx^/(x) = — -TT limsup (t — a) ^/(t). 

x\o [b - ay t\a 

Next, let ti, . . . ,tn G (a, b) be arbitrary and let Xj := ip{ti) for i = 1, . . . ,n. By direct 
computations we have 

?[%. .^_ fit^)-fit,) 



J \^i 1 Xj ) 



llj{t,) - ^{t^ 



3, 



^ {b-t,)f^'\t,,tj){b-t,) 



b — a 
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^ {{{b- tymf\u,t,) + {b- u)f{u) + {b- t,)f{t,)}, 



XJ[X)J [x,,x,)- ^^^^^_^^^^^ 

1 . Jt-a ^W 



ib-U)[^—J{t)] {U,t,){b-t,) 



b — a \b — t 

1 {^^t-a){b-t)f{t)f\u,t,) + iU -a)f iU) + {t^-a)f{tj)}, 



b — a 



,.;(,),"\,..,^,) = ^"->^^<'-'-*"^'^^<'^ 



b — a 






+ \ 2 \ [1] 
t — a^ ^ 



^ ^{{t- armf\u,t,) + ^-^f{u) + %#/(t,o 



b — a\^ ' & — tj b — t^ 

It is seen from the above equalities that (/3)„, (7)„, and ((5).„ are equivalent, respectively, 
to (b);, (c);, and (d); for /. D 

Corollary 4.2. Let f be a real C^ function on (a, 6) where —00 < a < b < 00. Then 
the following conditions are equivalent: 

(a) f is operator monotone on {a,b); 

(/3) limsup4/.fe(6- t)/(t) < +00, limsupty^f, f{t) > -00, and L(^b_t)2f^t)(ti, . . . ,tn) is 
c.p. d. for all n ^N and all ti, . . . ,tn G {a,b) ; 

(7) liminft\^a(t- a)/(t) < 0, \im sup t /'b f{t) > -00, and L^t-a){b-t)f{t){ti, ■ ■ ■ ,tn) is 
c.n.d. for all n G N and all ti, . . . ,tn G {a,b); 



(S) liminff\^a(t-a)/(t) < 0, limsupi\^„(t - a)2/(i) > 0, and L(^t-a)2f{t)iti, ■ ■ ■ ,tn) is 
c.p. d. for all n eN and all ti, . . . ,tn G {a,b). 



Remark 4.3. Let / be a C^ function on a finite interval (a, b) and c be an arbitrary 
point in {a,b). As mentioned in Remark 12.81 it is known by [TOl [6] that / is operator 
monotone on (a, b) if and only if -^(t_c)2j(()(ti, . . . , t„) is c.p.d. for alHi, . . . , t„ G (a, b), 
n eN. By letting c /^ b and c \ a it follows that the (a) implies the c.p.d. conditions 
in (/3) and (S). Corollary 14.21 says that the c.p.d. of L(^t_c)2f(t) for the boundary point 
c = b OT c = a with additional boundary conditions conversely implies the c.p.d. of 
L(t_c)2j(i) for all c G (a, 6). On the other hand, it is known (see P Corollary 2.7.8] and 
[m Lemma 2.1]) that / is operator convex on (a, 6) if and only if /'^^(c, ■) is opertor 
monotone on (a, b) for some c G (a, 6). So one can also obtain characterizarions of the 
operator convexity of / by applying Corollary 14.21 to /^^'(c, ■) when / is assumed to be 
C^ on {a,b). However, such characterizations are not so immediate to the function / 
as those in Corollary 12.21 for / on (0, 00). 
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Remark 4.4. Let /a, A G [—1, 1], be operator monotone functions on (—1, 1) given in 
Remark 12.91 which are kernel functions in Lowner's integral representation for opera- 
tor monotone functions on (—1, 1). Theorem 14.11 says that -^(i-t)2/;^(t)(ti, . . . , t„) and 
L(t+i)2j^(t)(ti, ...,tn) are c.p.d. and L(i_42)j^(ti, . . . ,tn) is c.n.d. for every ti, . . . ,t„ e 
(—1, 1). Indeed, these can be directly checked by the following expressions: 



)i 



A 



2A-1 


1 


(A" 


1-1)2 


A2 


' (1 


-At 


0(1 -At,) 


2A + 1 


1 


(A- 


' + lf 


A2 


' (1 


-At 


0(1 -At,) 




A-2 


- 1 





Moreover, if / is operator monotone on (—1, 1), then the boundary conditions as t /^ 1 
or t \ — 1 in (/3)-((5) are shown by Lowner's integral representation. Since an operator 
monotone functions on (a, h) is transformed into that on (—1, 1) by an affine function, 
the argument here supplies another (direct) proof of the implications from (a) to (/?)- 
(5) in Corollary 14.21 So the converse implications of these are of actual substance in 
the corollary. 
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